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ANAR consortium is devoted to the development in France of Mathematical
physiology and of mathematical ecology. Its main characteristic is an ap-
proach which encompasses both the mathematical fundamental questions of
bifurcation theory and the applications mainly devoted to modeling natural
sciences.
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Neuroendocrinology

It has been observed since long that several hormons are delivered in a
complex way which alternates pulsating phases and surges. This is for ins-
tance the case for the GnRH which is an important neuroendocrine hormon.
Untill recently modeling of such secretion patterns was not considered fully.
Previous studies were only addressed to the understanding of the pulsatile
regime. We made the following quite simple observation that if two popu-
lations of excitable cells, each of them being with different time scales of
release, are coupled together in a simple way the final release pattern looks
exactly like the one observed. In the special case of the GnRH this added
some credibility to previous experimental contributions which suggested the
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existence of two different populations of GnRH neurons. It writes :

εδẋ = −y + f(x) (1)

εẏ = a0x+ a1y + a2 + cX (2)

εγẊ = −Y + F (X) (3)

Ẏ = b0X + b1Y + b2 (4)

z(t) = χ{y(t)>ys}

This is a fast-slow system and it has been discussed by Frédérique Clément
(Inria Rocquencourt) and JPF (SIADS, 2008). Usual techniques of the
bifurcation theory of fast-slow systems can be applied.

Equations (1) and (2) correspond to a fast system representing an average
GnRH neuron, while equations (3) and (4) correspond to the slower system
representing an average regulatory network. The x,X variables represent the
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neuron electrical activities (action potential), while the y, Y variables relate
to ionic and secretory dynamics. The fast variables are assumed to have two
stable stationary points separated by a saddle. Their bistability is accounted
for by the cubic functions f(x) and F (x). The intrinsic dynamics of the
slow variables follows a growth law of very small velocity (a1�1 ). In each
system, the fast and slow variables feedback on each other. The coupling
between both systems is mediated through the unilateral influence of the
slow regulatory neurons onto the fast GnRH ones (cX term in equation
(2)). The coupling term aggregates the global balance between inhibitory
and stimulatory neuronal inputs onto the GnRH neurons. The global system
exhibits 3 time scales given by εδ, ε and 1. Constant γ is close to 1.
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Our approach is adapted from the ”geometrical dissection” that has been
successfully applied to several models in Computational Neurosciences,
especially those dealing with bursting oscillations.

In classical slow/fast systems, the slow variable is ”frozen” and intervenes
as a parameter in the study of the bifurcations of the fast system. In a
similar way, we consider the fast 3 dimensional system with 2 time scales :

δẋ = −y + f(x) (5)

ẏ = a0x+ a1y + a2 + cX (6)

γẊ = −Y + F (X) (7)
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where Y acts as a varying parameter. This fast system breaks into an inde-
pendent, 1D system (7), and a 2D system (5-6) forced by the 1D system.

Depending on Y value, Y = F (X) may have either one, two or three roots.
Accordingly, equation (7) displays either one of the two possible attracting
points (denoted respectively by X−(Y ) and X+(Y )), or both of them sepa-
rated by a repulsive point (denoted by X0(Y )). A saddle-node bifurcation
occurs for the values of Y corresponding to the ordinates of the local extrema
of the cubic function : (X,Y ) = ±(2/

√
3, 16/(3

√
3)). Assuming a1 ≈ 0, we

introduce x−(Y ), x0(Y ) and x+(Y ) as the x values associated respectively
with X−(Y ), X0(Y ) and X+(Y ), from xi = −(a2 + cXi)/a0, i = −, 0,+.

– For −∞ < Y < −16/(3
√

3), equation (6) admits the attractive node
X+(Y ) as single stationary point, and x+(Y ) > x+

0 ≈ 1.15. It ensues
that the 2D system (5)-(6) exhibits a stable focus, so that the 3D
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system displays one single stable stationary point.
– When Y =−16/(3

√
3), X+(Y ) = 4

√
3, x+(Y )≈−3.60, equation (5)

undergoes a saddle-node bifurcation. The X0(Y ) saddle and the
X−(Y ) attractive node appear and dissociate from the coincident
point X0(Y ) =X−(Y ) =−2/

√
3, associated with x0(Y ) = x−(Y ) =

−0.032. Both x0(Y ) and x−(Y ) belongs to the
[
x−0 ;x+

0

]
interval,

for which the 2D system displays an unstable focus and a stable
limit cycle. The 3D system thus exhibits simultaneously an attractive
stationary point associated to X+(Y ), an unstable stationary point
together with an hyperbolic periodic orbit associated to X0(Y ), and an
hyperbolic stationary point together with an attractive periodic orbit
associated to X−(Y ). Hence Y = −16/(3

√
3) is also a bifurcation

point for the 3D system, which triggers both a saddle-node bifurcation
of periodic orbits and a saddle-node bifurcation of stationary points.

– As Y keeps on increasing, x0(Y ) reaches the value of the abscissa
of the f(x) cubic local minimum, where x0(Y ) = −2/

√
3 ≡ x−0 ,
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X0(Y ) ≈ −0.024 and Y ≈ −0.096. The 2D system undergoes a Hopf
bifurcation. In the 3D system, the hyperbolic periodic orbit and the
unstable stationary point coalesce into an hyperbolic stationary point.

– As Y increases further, x−(Y ) reaches the value of the abscissa
of the f(x) cubic local maximum, where x−(Y ) = 2/

√
3 ≡ x+

0 ,
X−(Y ) ≈ −2.22 and Y ≈ 2.1. The 2D system undergoes another
Hopf bifurcation. In the 3D system, the attractive periodic orbit and
the hyperbolic stationary point coalesce into an attractive stationary
point.

– Finally, when Y =−16/(3
√

3), equation (7) undergoes a saddle-node
bifurcation again. The X0(Y ) saddle and the X+(Y ) attractive node
disappear beyond the coincident point X0(Y ) = X+(Y ) = 2/

√
3,

associated with x0(Y )=x−(Y )=−2.39.

We now go back to the 4D system (1-4) to unravel the hysteresis loop
underlying the sequence of phases.
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– In phase 1, Y remains almost constant and system (5-6) displays
the single attractive point associated to X+(Y ), corresponding to the
ascending part of the surge ;

– As X+(Y ) decreases slowly, the solution of the 4D system remains
close to the attractive point, corresponding to the duration of the
surge (phase 2), until this node disappears through a saddle-node
bifurcation. Then the solution switches to the other attractive node
X−(Y ), corresponding to the decreasing part of the surge (phase 3) ;

– In phase 4, as X−(Y ) increases slowly, the solution remains close
to the attractive point associated to X−(Y ), corresponding to the
plateau. Eventually, this attractive point disappears into an attractive
periodic orbit via a Hopf bifurcation, initiating the pulsatile phase ;

– As phase 1 starts again, X speeds up and the pulse frequency
increases. At some point the attractive periodic orbit disappears into
a saddle-node of periodic orbits. The solution of the 4D system then
jumps back to the single attractive node associated to X+(Y ) and
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recovers the ascending part of the surge.

On the hypothalamic level, only the variability in the frequency of GnRH
pulses (rather than its control) has been up to now the focus of mathematical
models based on nonlinear dynamics (Brown, 1997). Our modeling approach
is comparable to these previous ones in the sense that it also considers the
effect of the average activity of one group of neurons on the activity of
another group. But the way by which this effect is introduced differs. They
used as external inputs an impulsion train, whereas we assume that both
groups can be represented by the same type of equations (of FitzHugh-
Nagumo type) but with different time scales. Following a 3 time-scaled
approach, we have not only managed to account for the alternating pulse
and surge pattern of GnRH secretion, but also for the frequency increase in
the pulsatile regime. We have also unraveled the possible existence of a pause
before pulsatility resumption after the surge, which could be investigated
from an experimental viewpoint. Hence the capacity of our model to display
complex features interpretable against experimental evidence suggests that
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such a modeling approach may be a useful complement to experimental
studies of neuroendocrine systems.

Recent joint contribution of Frédérique Clément and Alexandre Vidal
discusses the possibility to fit the parameters of the model to the experi-
mental data coming from various species collected from collaborative teams
from INRA (Nozilly).

Some connections with the vast subject of “Bursting Oscillations”

(2+1)-systems or forced (1+1)-systems

Alexandre Vidal’s Thesis and article Doss-Francoise-Piquet, CompleXus.

Recently, we have also related our system to the mixed-modes oscillations
generated by canards phenomena (1+2)-systems.
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