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ol Foldtha A5 Yk,

01[

B = (1+x) B
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“Agol 107hg ol o Ao A7k vid 1/30% =
7he 77100 79 A5 LA

2 Pioo = (141/30)1% x 100,000 ~ 2,654,874 o] T} o] of| o] A]
1

Y4y

74730 AXH HE - QAT R Abo| A 107,224 9] 91 FE FAHE

diA G974 Aok 22 AL A7} S A 7] okl 10w o] A 7}

T At AL HojEr) o= B Hdo A #EE S7He3 F 335
o #) 3t}

£1/30)10-2 A kehe AL Arhel
AT 51 2 8efe) Ariele

[e)
(4 ]1001 2)E 7%]/\}6”/} 279 718 %49 log(ab) =loga+
183Hd the o] A A7 Ak

log P1oo = 100 log(31/30) +log(100,000) = 100 (log31 — log30) +5 .

BI85 1614d 2FZEHE=S £ vl o] 9] o] (Napier) o] 2] 3 42 7] =]
Atk 29 X e B2 A (Briggs) £ 16170 A FEE2IRE
TP o) 1628 U EH= 9 O}Eﬂl‘f}—‘%ﬂ]—i(vmcq)% 1€ 100,000
742 109 2He] T o] A5o st AR IR S WESte] BEl A9
S AT 2 Y e 7} log30 &~ 1.477121255, log31 ~ 1.491361694,
83 upA 2O Z Jog Py & 6.4240439 & A 7] 9} &) AF-&-3l B o] B o] v}
2 o] Ho]Eolth oA 1 ZAghS &A1 A= A Pigo £ Zrotof st
1] 4 100,0007}7] 4=2] A& 2 1= 00 A 5717 2] W9 o] =2 oAl
Pioo/1009] 21, Z 4.4240439 5 2=t} 27 ©| o] Eof A log26,548 ~
4.424031809 2 log 26,549 ~ 4.424048168 & &1 4= Yt} 21 T4
26,5483 26,549 Afol o] Ao 72 upHto] e A& thad 22 A34E
A=t
Pioo 4.4240439 — 4.424031809

100 = 2038t 01048168 — 4.424031800 204874




web A Pigo & 2,654,874 o] T}

L 42 Aol Q= A Ao A F WA o= thE 7} Zrh

“F el F 68 ellA /\1 13} 4 el F420] 200 F 1,000,000
Holgly ZFAE u)] ol el A7t 28-S 15 A} 3T

10°= (1+x)20 x 60| 2 & FThg A7 S AF&8Hd x = (100/6)1/200 —

1~0.061963% 3 = 9tk &1 H o] -8 A28} log(10°) =200 log(1+

x) +1og6 o A log(1 +x) = (6 —10g6)/200 ~ 0.0261092 °] =] 31 1 4 x ~
1.061963 o] Ft}. weba 2 dej= o7 mid xa 1/16 4 S 73t
A= WE 5 AATh o] o9 7] 4E olslistd dd Ha A= o]
37 olok7]1 9 JAZS FA 7] Al AT AR S 7] o5 oF ghoh
7ol mEE F49 A7) 7194 23509 ol BEAE ot}
a9 Al ob=, 283 259 obE HAE o] Utk FA 7= o] FA
Eigcig=

“wole] o] Al o}E R I E WA o] & ol 3 1] 2

&4 o] T wjd 1/16(E+=6.25%) QAF Z7He-2 Ao A 22 v
A A o7 Koz oyth MW FALY o5& Ejojy HA S A Y
LGS AL I oyt AES WRITH

“ol g o) 4.2 WA = AFE o] T At

2 A7t
A B2 A el A AAE Ae 5 vk
212 A AFY 7} gk
LdeE BT T o] F400d T LS S
A7 (1+x)*0x 6= (10°/6)% x 6~ 1660 & °]
Lot

1662 Teke ETt 2B A(WE 2 2R AAE ST AFES HS
[e]

“obta} 3hel 7k A Aol wE A A 9] Lhe] Q15,160 5 <k 64 v}
M2 ST ATET WA H Be AekEe] AAR%E Ao
A AL ol oWl AFEE 0] Bl o] AAtsl= AAH

7o) wete ARt E BA ot
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“SHAR AT AA T AT FGE S G Aotk
o] ool t] o} = Al 7] 5 WA 2] o3 W] oFH 0 = A S Bk (5
ZAz).

2 Aol A A ol & The o] BTk

“Fr A 7ot A7 F R ST A% SUE 2 d

kel 7}2”
(1+x)!0=20182 F0)& A7 & AH&3HE x =21/19 — 1 ~ 0.00695
S 74 Jdk ZIEE AFR3HE 100 log(1 +x) = log2 o A log(1 +

x) ~0.0030103 7} ] I 1 4 x ~ 1.00695 7} T}, whebA 7= vl x ~
1/1448 Z743bek o] WA o) 2} kA 9} o A = v] 529 RS WAL

“Ql77h W 1/1004 Z 74Tk 774109 7h 5 = o &
nhit Al A FaA gk

(1+1/100)" = 102 E3 nlog(101/100) = 1-& 73 5= e}, wabA
n=1/(logl01 —2) ~ 231 o]t} o] Ao] o1 Adlo] &3 17489
<TG BA AR>NA He 5 gt Aotk 2dHE B W F o]
2AE © A4 th2A Ak,

17603 1= w22 738} o} 7}y v 3] Ko € A 7+E 0] AV YE ) =
Aol e B> ehe AR =S WEAT of AFE AT 7|3
47 571 A 2e) B3 AN B ol 4S) S Y

LAY E A7IA B2 A oln| &AL Jokal 3T

e n L\on %}\g Zl\_)Bn
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o ARG k> 10 =Fte Aot F ¢ o HE
Ps A nd A7 AL L= FUHH R Y F A S
StaL ok
o AFETFFFHOR FIISTE F, Py =P, Ol Th (989
B¢ r=1+x°]t})

e
o
o
o,
-
L
=

BEH}A 29 4, Z =001 4 n=100 o] 9
A7 Ae)E TN PG EAL Ao, 0k A=o] Holi} A=
2747 4

ESAFE P, k> Dolgtar sty A= nd S =
Pon =B, °lth A AL ¢ BAZFE Py = quPon—k = Bk &
T 4= ok mEkA

r%Py = Pigo = Po 100 +P1 100 + - - -+ P100,100
= Bioo+q1Bog + - +q100Bo
= (' +r? g1+ +q100) Bo.

99 SAL /R o prE thE e 9L 5 ek
q1 , 92 4100

ol AT FATAA ‘2 de] BAA o LE 2= Aot &

AT AL vz A4S e 3 o] Ak,

rPn:Pn-H:Pn_Dn+Brz+1:Pn_Dn+rBll' (32)
wetA AA GRS E D,y =rD, 02 78 F4H o7 Sk =3
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oh=-2] 4
1 P, Dn/B,,—r
- _n 3.3
m B, 1—r (3.3)
S BDY A HYH HFH o2 53 T2 FAH o]l =&HT
D,/B,—1 q1 @ q100
== L IR (3.4)
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ol W7 gl A (r=1) o] 242 &g (Halley) 7} 28 &2
Aol S5 A= b /\F‘”ﬂ 7%% Fd3it 2% ZA=).

RBEAT A2 AT me A Y8R JFE r2BEA Bl
A AL Ak nd ol FEn—kdol Blold Ao = g By =
Qi Bn/r* 1Tk (qo = 1). WEbA A AT F A% kS w&-2

ai /T
L+q1/r+q2/r*+ - +qi00/r'?

o]t o] u]&-& AQ3ITh 2 E T Lotka) o] £o1 2 A5 (107 22)
QAP oA olth. Z, A et =7k A|gko] AR 2 RS



YEE 7ot TAE ANEEY G
“Id B4 & A7, 24 o AFL YA 25 G A
TEY HAS TS 5 AT
A B AT WA o B AE AL ¢ AL v D
ok @ele) Apoke Do) o)A & A7E AT 2AE 59 & 5 Aoy
7Hg gtk (27 =), B84 3.2) = AFE
_ Pn_Dn
- P,—B,

d& HoEh Dy, & ndE ol kAol AFG3E AFE ] =214l et &, o]
AHEES n—kdol By o] Stk wekbA Dy = (gk — git1) Ba—x ©1 T SHE,
By =B,/ olth. A AE2 AL gr=qo=12 L9 k> 00] th3k

e 74]‘1‘ %ﬂ-rﬂﬁ% il %"Joﬂ%ﬂ 7V A& A A=
M E Mol R et T o) FAlol B Welshu el AT o
HoHA &tk 2 dH = 5% o oAEF UEHE 2 A=
(Kersseboom) ©] 17423 W& 3 AW FTE A2}

HE 9 of7td o A QI A4S Kl HEAt= g io]
ol At 19 89 B_:} ) E] F 29 3] (Siissmilch) = 1741 d 9] <
Ao 24, AHE, S4bs 3 AT Al The] Aol gloj A Al st
AA>ete A5 A2 S22 3P, o] A2 254 AT
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17613 HAW3 = =R = S
I a7 Zhol] T BFo > Bk Al =2 A
EZuz2e 43 nds 23} ;
o Ry} [ AFSRA] Rk Q17E 1ol o) &
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Apgskar 204 o A&k, 2 F7
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S0 A UL HEE Bl RE|

Bi=B; 11+Bi—12+Bi_13 (3.5)

-—?—7]—%7&% _12=0,B_11=0,B_j0=2, 181
& B =0clth webA e deje £ 3.19 F 84
% Ave 4 ok 1w A% 2i9) AR
A} 429} 2k 01 710> 10 9 35 D; = B 1
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2i—20 =7 /\P%‘ﬂ sof A% 20 2AA 42 T F oA Ax 2i

|
O
o
~. flo
=
S

rlr
Q

o 4y e b o
Ko =
~ £
N - >
O
i
fo H o A
oY, N
N o
U "
o,
4>



3% 21

G A gA W g} 2ok &, P =P + B — D; °|th.
FAxads]e] HoA o] FL2 s H A Lo M & A8 7=

)
Na o g 2yt
“2 Ao Fol B Kol FAME=EN LA+
ozt R dFo sdS s AL U4A B[]
ol# e =d o 7] Bt & e 7t Folo] & W uA] ko
W 718k 42 vk A Al 2R B AE 7 24 AFERA]
3 A A ¢ AR

ol A AL o AT &
v LA <AFY SA o Aot > 2= A F ALE 53] ©]
ATE X o TAA L=, o] Q= A 3 A okt 713}
F59] FEE 7% Bi=cr Je| B34 35S = F I1=

4
1359] thg g A & T3k

d

P =r4r+l. (3.6)
T r=10) A7 B Rebsh ] ANE A 2 IEE A Stol

0.212 (r=1.09),

l+r+r7—rPx
—0.142 (r=1.10)

L AL otk whEba] g A (3.6) ) 22 1.0990 A 1.10 Abo] o]tk
TS AR A 1 4r+7 —rP & Ao e def=

. 0.142x1.09+0.212 x .10

0.14240.212 ~ 1.0960
& deth AEE 24 Ao, 242 ¢ wid Vrl 7L E = A el
Atk o] FA = (Vr)'=2A B, S n=2log2/logr ~ 15dujt} F
w7t ok A2A R B~ er o] 20 d % 9] AFEAL S D Biy 9k
Zonz Mrn6252 DixB/r0E T 5 Utk SR = AHEA
o] eF6ufolth Ax 2io LI AFEY = P=Bi+Bi1+-+Bi1g
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E3L oY &
o A M 4+ M
oK TR % T <k =3 b
- 0 o - =0 2o o
- X = - W % o - A 3 &
0 0 © 2 40 20 0 206 80 86 180 5,584
1 2 0 4 41 8 0 214 81 226 252 5,558
2 2 0 6 42 2 0 216 82 532 282 5,808
3.2 0 8 43 0 2 214 83 1,008 252 6,564
4 0 0 8 44 0 6 208 84 1,568 180 7,952
5 0 0 8 45 2 12 198 85 2,032 100 9,884
6 0 0 8 46 10 14 194 86 2,214 42 12,056
7 0 0 8 47 30 12 212 87 2,032 14 14,074
8 0 0 8 48 60 6 266 88 1,568 16 15,626
9 0 0 8 49 90 2 354 89 1,010 56 16,580
10 0 2 6 50 102 0 456 90 550 154 16,976
11 0 0 6 51 90 0 546 91 314 322 16,968
2 2 0 8 52 60 0 606 92 384 532 16,820
3 4 0 12 53 30 0 636 93 844 714 16,950
14 6 0 18 54 10 2 644 94 1,766 786 17,930
5 4 0 22 55 2 8 638 95 3,108 714 20,324
6 2 0 24 56 2 20 620 96 4,608 532 24,400
7 0 0 24 57 12 32 600 97 5,814 322 29,802
18 0 0 24 58 42 38 604 98 6278 156 36,014
19 0 0 24 59 100 32 672 99 5,814 72 41,756
20 0 0 24 60 180 20 832 100 4,610 86 46,280
21 0 2 22 61 252 8 1,076 101 3,128 226 49,182
22 0 2 20 62 282 2 1,356 102 1,874 532 50,524
23 2 2 20 63 252 0 1,608 103 1,248 1,008 50,764
24 6 0 26 64 180 0 1,788 104 1,542 1,568 50,738
25 12 0 38 65 100 2 1,886 105 2,994 2,032 51,700
26 14 0 52 66 42 10 1,918 106 5,718 2,214 55,204
27 12 0 64 67 14 30 1,902 107 9,482 2,032 62,654
28 6 0 70 68 16 60 1,858 108 13,530 1,568 74,616
29 2 0 72 69 56 90 1,824 109 16,700 1,010 90,306
30 0 0 72 70 154 102 1,876 110 17,906 550 107,662
31. 0 0 72 71322 90 2,108 111 16,702 314 124,050
32 0 2 70 72 532 60 2,580 112 13,552 384 137,218
33 0 4 66 73 714 30 3,264 113 9,612 844 145986
3 2 6 62 74 786 10 4,040 114 6,250 1,766 150,470
3 8 4 66 75 714 2 4,752 115 4,664 3,108 152,026
36 20 2 84 76 532 2 5,282 116 5,784 4,608 153,202
37 32 0 116 77322 12 5,592 117 10,254 5814 157,642
38 38 0 154 78 156 42 5,706 118 18,194 6,278 169,558
39 32 0 186 79 72 100 5,678 119 28,730 5814 192,474
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gong w3 oIS+ ok
1 1 1—r20
PlzBl<1+r+ +r19>Btr19 20N9593l
F A+ S ok 9 F 10w Gt}
ol BAH 5 d (B) ol AR FAAEG HEA o7 ZI3h= AL
SHaE A2 & o B3t} ofH s = B H 2 (De Moivre) 2
A3t d AT o] F A T

) E GRS E RO 20 F 5 Quhs ApA o] &
HAT L d8= 1748 < F 3] d A4 JE> oA o] S A

12 ) o0 )
f(x)=Y Bix'+ Y (Bi-11 +Bi—12+Bi_13)x’
i=0 i=13

=204 2x2 4+ 23 + 212 f(x) (M + 212+ x13).

whebA ohe-o) 4 9 s,

2x4+2x% +2x3 +2x12
fx)= 1 — 11 — 12 _ I3

Qei o) 2] P47 The T 2L PelE BalE 5 Yk AL
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ol o} WA

. N
Zal( ) +---+a13(>
i>0 X13

olth. Bi f(x) oA X' o] AlFolBRE, @ df=

rl

Bizz—;+---+¥za—f, i — oo
A FHT. 714 x & 1R 2 2718 A4 oItk &, B
(/) A 71554 0 2 S 748 2ol Ak Lobrojo @
AL r=1/x7334 (.60 ZARATx 7F1—x'—x2—x3 =0
g Ae) 2o AL FABAE Boltt ol Z e PAA
2521916 Fo o A B 2 ek,

at)

A2 = 176530l T12] F o) Al WA dhg S A 1767d W £
oA AbFFt Z 2ol Al =G} Abo] 7 £ 4] Fdd 2 UdBj=1766'd
FEVHZR232 Solgdth AlHE A= EF3A 2E of s

B} 5EES Bge Wb thas AR, Fo} U 2o B B AL
A% BEHCH 1760 AN A 17623 Abolo] MBI A 2 <= F5

o Al Hul= At A ste] of 2] FA|of] &3 A A >= 1768 d | A 17723
Abolo 2aF o FH Ao HAEAY 7L H T 2 del+= 1783
A AEAHZ R 2T A AHG T 584 7S] thek 19 33
E3] 71 g H o2 S8 E Aol ‘A E AF vl =o g gt
29 FAL2 204 7] o] o] 2 A oF A A = Atk (107 H 777 7 =R).
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1. Euler, L.: Recherches générales sur la mortalité et la multiplication du
genre humain. Hist. Acad. R. Sci. B.-Lett. Berl.16, 144-164 (1760).
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2. Euler, L.: Sur la multiplication du genre humain. In: Leonhardi Euleri
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4 A}F

o

thyed w2 teol, el 2o} Al
= ol HE (1760)

(17609 b W 2irol = HAT mdl o] tfat =2S ) I )
Nolle ALg BEat 5 JAw JH A 2 Qs o g Sl
el B =gho] glgich Ik Welo] AWES AAT o] Bk
A dl o] 2 ALg 3ol AL 9ol 1% ulwhel A9 AEo] &
stk A2 HolZoth dEow 24 A A 49< A1 3
W7bA 58 4 9lrks o] gk, 2ebu] 2 o 3) Kokl A H 29

| oA mael Waols) 478 ugHth )

Thy ¢ ¥ 23 o] (Daniel Bernoulli) = 1700d W@ 2= 323 <1
A Bjol gkt 19 7hE o & o] u] F W o] § g =38ka}, 5 of A] 8.9
| 2 3= ¢] (Johann Bernoulli) &} 4F& oFZ W] 2 3= o] (Jakob Bernoulli) 7}
919ITh 17053 8 3He A9 4 upAl 2 o] Z=3ho] ofZ o] AFEFo 2 T A o]
B RFA S etk 282 oFE0) 3L FRIE AL WA &%
th. 2#fA Tt AL o s o 7 AFste] 17210 T Foj Bt =Ro 7
S E A ST e WU AR o] 5k ool 5 5H7] Al A

217240 BE SR % % 3 ste] 33t ofzhe| v of| Al <nlrhol
w A vl 9o e A Al & ol Bte > et oA o] & A4S it



I ME2LAEAHZRZF ozt v A 242 Atk o] 7|7F
FHaE Ao FEERY AENHHEREIY 93 of tis)] A
FAo® A7 1733 d th A W 2 0]+ vpd st o 2 Fofs}
A1 E8H e Eette Ao E ZtEH o 1738 d ol &= £ 8 At
of o] G §a At 3 AL Z7HFch 175394 1= 297
(Euler), &3] 2 (4> Alembert) 2} 5 A] o] A 53}= 2] EA o] A4S

H=

A ST, ol F R T 4o =B e Bel Qo sk

13 4.1:
thu < ¥ 24 ©] (1700-1782)

1760d & st2] o] 73t ofpu| vl o] KA AF2 AT APTE S oA
HEY ool it 2L &4 AE>ee AT =F& A=Ak
e AEEEY AR A 540l D@3 AAF vpol s
Hog Al £ Fhste Aol Fxell o] 24 T 7 o] Ugol
el ol of steAl ol thak Aol Atk o] 7]1&-L opA ofoll A L AT
A A grom 1718 d G ollA LA A= FA G thAke] ot Al
ZEH o Abell o3 270 it ZFAE 1711d F o] 144 9] ol
AAF 2 AGPNE EF3H oA FF o) A =Y A Ut
17234 A AT Al Adopdol ool Al +d 7 g &S st H A9
FA 71$S AFH Y EH = (Voltaire) = 17341d < A3 F A > o) A o
TS =S S ATE AAFNA dopd-2 ETHE g 75hat
2} 5049 (La Condamine) & 1754 g}2] 9] 343} o} 7hdw] o A HE-&
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3 Ak,
1750 -8 o A % 7] A, 29 25 o] (Maupertuis) & th 2 vl =
oo A 53t Aol A ol AE EAE AT Reta AF ALk o

BESA Do, 450 AAA o 5H ZAH AR A PL Wl a
S g e Aol FAGTh EAE B3 3] A3 M2 ol
chet 2e AA5e Atk

.
2

o R(x) = AAFE b1 E3x Al AL o Th
o P(x) =S8(x)+R(x) = o] xoll LT F AT Folth.

S4& ol x =00 s F3trt. ek $(0) = P(0) =Py E R(0) =0°]th.
gy d vl 2% 0] = 17H 7] & 79 (Newton) & 2} o] Z 1] % (Leibniz),
231 I % opH A 7} R vl A = A L5t vho] x2F vo] x4-dx
(dx+= F3H8] Z3) Abololl A ZF HpAd = Qo] AAdFel 292
35 gdx ot THE 922 AMYE BE m(x)dx 7t IS Lot w

19 AZsAle A4 G947t obd A% A0 AT = e ol A #=3H4 7|t X
oltt.
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BpA] 442k 8] W Bhs dS = —Sgdx— Sm(x)dx o] ¥, o] T}22)
w8 A e s thepd 5 9

d—i =—qS—m(x)S. 4.1)
o) WP Aol A dS /dx = 4 S(x) €] v o] eha Bek. 5 A% H-L A7
7] 5k AT 2 A AR S pSqdro] T AT A A=
3k AFEe] S (1-p)Sqdxolth £3 AT L old fp2 9o
APEE A Rim(x)dx o] T o] 218 3w v]3 #4200l
Zt.

dR

o =q(l—p)S—m(x)R. (4.2)
A S oo oL 2,

dpP

o =—pgS—m(x)P. (4.3)
W 2ol e A (1) (43S B x vholol o 13 g xhel A

2ol W22 the A Y e 4 g9tk

S(x) 1

PW)  (=pemtp’ -

T4 (445 F5H7] Aol w2 Fols BA A (4.1) 2 (4.3) ol A m(x)
EAAYH
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 okah Age) ] golt). wehA the3} 2k,

% =—qf+paf*. (4.5)
ol st gHo) WA Al GARRE 24 A T Ao 4
&9l oFF w2 9] (Jakob Bernoulli) o] A5 FEof & A A
oo AAS LR UFL () = 1/f(x) 2 A vt 2ol
dtt dg/dx=qg—pg°l™ g0) =1/f0)=1°]2t= A= &+
ATt h(x) = g(x) — p 2 DA dh/dx = gh o) T}, Wt h(x) =
h(0) et = (1= p)et 7} F T}, BRA L0 2 g(x) = (1— p)et™ + p 2
f(x)=1/g(x) o]t}

(]

Hl 2 Fol= #2419 o] 25 A 837 f5l e (Halley) o] AEES
Mg AT FE). o] EE0EE Bloj 1,238 TEE JFFx
dx=1,2...) 0] Al &2 uf o} 2] Aobgls Abghe] 8 yEbd k. 234
H 2 Fo] o] REo A= AA| 2 x A 7kA] = el AR Px) 7F 2 2.3
g, o] o7t ZEtt) g REY EAY ALET R A 2 W2
ol I Aol & MEA X7 Wil (B2l =2 AAE Psta
ertt) dejof ol A A A 211,238 5 Al Q] S U A RAHE IR
FAP L o] & 1,300 22 thAlsto] A5 Ao AAAA ATELS
DA o] A= F 419 F A Dol v} AT

HZ2rol= AAFEANYE ZFEZ p=1/8=125%%
Al #S3 A8k FA otk At HAF 2
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ALY 4 S(x) B ANG F ATk ol AL 1 Ak
ghol Tl Al W) Aol hehk ek v WA G2 AAT
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F 4.1 Felo) Azt v 2ol ALk

ol Az AT prA AT WA U7 AdvE AT RS
x P(x) S(x) R(x) QA3 A P*(x)
0 1300 1,300 0 17.2 1,300
1 1,000 896 104 12.3 1,015
2 855 685 170 9.8 879
3 798 o971 227 8.2 830
4 760 485 275 7.0 799
5 732 416 316 6.1 T
6 710 359 351 5.2 760
7 692 311 381 4.6 746
8 680 272 408 4.0 738
9 670 238 432 3.5 732

10 661 208 453 3.0 726
11 653 182 471 2.7 720
12 646 160 486 2.3 715
13 640 140 500 2.1 711
14 634 123 511 1.8 707
15 628 108 520 1.6 702
16 622 94 528 14 697
17 616 83 533 1.2 692
18 610 72 538 1.1 687
19 604 63 541 0.9 681
20 598 95 543 0.8 676
21 592 49 543 0.7 670
22 586 42 544 0.6 664
23 579 37 542 0.5 656
24 572 32 540 649
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x Al 9] = R(x) = P(x) — S(x) & HolEth o] xo sl F3te %“94
ThAl A G2 o] xo| A Lho] x+ 1 Abol o] HAFE o3 AF YA} 5
EA BT o] 2HOR o] b= ARG pg [FTS(r)dr o] o] oF 6}%1‘1&
pqlS(x) +S(x+1)]/2 FA L AL 1P 4204 A H L ZAAE
A& Atk Atthel o WA2 24 ofgfo WA, 5 T4 AE L
Mz

=

Sy

Y42 AHoR BAE ATHI B WAOZ xshxt 1 Aol o] B4 59] AR
& 24 Ak

M=ol thal WA Aof Q= BE £AE Fate] 244 o Ao
AT 2 AR Aol 98 olehe A4S & 4 glth o] BE ol Fo
A7HA) A% e 24M ol o B3] AT 44 o] 9327
5 AATZ A AL 3Gl D Aojehs A4S E 4 9k 21,300
Bo) 247 5 10190 BAF2 Qe golrh. ol 7t g
1/1334 A9] A2 gk,

£ A% 3ol At
A g 4FS we Y A Aol o] A9 EA L
F748 710 29 F43hE Aotk FUW B4 A4 A ZHe,
AAFA et S wx A7 B AL EY] £ 8 P(x) 2L SHA e

= —m(x) P (4.6)
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ojth 2ol th3 T4 AHTS Eth
P
l—p+peav
o 71 A P(x) & oA &} Zo] AAF7E 2A T wlj x A= <] Fo|th

A A Z 9 A (4.6) 2 (4.3) ol A o] A} 2o m(x) & Al Asle] A
v g Bh W 2 o] 7F 42 4] o] H

P*(x) = (4.7)

1 dP PdP* S P

T h(x) = P(x)/P*(x) 2 AR &4 @4olX A2t ZE

7 a1, ol A& Llogh = & log(1—p+pe*) 2} 5 L3tk o 714
log= 10347 obd A4d 2 28 Vrebdith o 7] 4 h(0) =1 o] B &
h(x)=1—p+pe 9" o]t}

1-p7t s %ol 9l
A D P (x) & ol ZTh Px) 9 P*(x) &

¥
24 A W £ R 2R3 AE, AT
=2 o

[e)
.

N
N
o
s
Hir
o
2
ac]
g
T
T =
R
nﬂo

AAF7FEA A 22 woll= P (x) & P(x) 2 A gk 4] o] 7]t 4> o]
gk w2 ol 2A R F 4 [3P0) +P(1) +P(2) +---] /P& AHER
<=, ol Atk El & 9 (2" 4.2) ol o3l ol X FA o]t} 244 o] &
84A 744 3E AL oo 7 (32 2.1 X)), AAF7H = 472 71T
4 E[11,300+ 1,000+ --+20] /1,300~ 26.57 3, 526 3 77 Qo] &
oh. AAF7F Qo 7)) 9 E* = [11,300+ 1,015+ +23] /1,300 ~



W2 -0] 7k o] B4 P vl A2 Hr ol theksh whe
3 o] SLek. S(x)ofl The m1E B4 (4.1) S Ao B The T e
A% & 4 gk,

S(x) = Pye % exp (— /0 ") dy) .

o] A& R(x) ol th 3t A4 @.2) 0ol AHgsHH = E=Th

R@)Zﬂﬂl—pﬂl—e‘”ﬁmp<_zfm@ﬁw>.
P*(x) ol Th &+ 4 4] (4.6) ol 23l

P*(x) = Py exp (— /Oxm(y) dy) 4.8)

ojth 3L A (44) &A= A H

EE 540 @3 HAF #FE HS Sk A &3] ket A

T FEQP <pelet =
AAHES LS ALY 71 =82 (1-p)E” }%u}. o]
P <1-EJ/E*, = % 11% du) A4 7|th +H EXHTE &
ok FAloll= poll &3 dl ol Bl E 7317 o B glch A T
2ol 9 p 7 1% mwtelgta AP 7L A HES
2] 3l o ghoh vl &= 9 4l 9] o 2] 7F flolTh e o] ZA ERATh
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Aotol>ete AlFo =3 S xR o] =32 Gt A VA ool 19
K5 2=T> F A ol B AAIT AR A <HF 9 #3H4
o> olgtes Al E v A A 2R U ElEs AAF
e FEHR AAFE AGE FEo] Yol & Fasithes wl = ol 9 7t
A< v A & o3 7H o] F 8 fle ok s 2 A S Al
Lol xoll Al AAFE QS AT ES v(x), T2 9JALE A AITES
m(x), o2 AJESH AL Y] 5 P(x) 23 FE2T} whEkA,

ar _ v(x) P —m(x) P 4.9)

P*(x) = P(x) exp (/Oxv(y) dy) . (4.10)

714 P*(x) & AAF7 AR S ol o] xoll 23 AR 5 U
Rl ot

13 4.3:
2 2 (1717-1783)

AR B4 (4.6) 9 (4.9) Aelol B m(x) E Th AL (4.8
AL P ()o) AHE3HE (49)9) 317} The T 2o] Fol Ak AL
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A4e B 1 ARE L4 ALITh ol el A A A
w4 748 w7k ¥L = § 25 of of P Utk Dolus an

virtus quis in hoste requirat?3

a0

2ol ot gl 2o AFo= B 8tal Ao E R
o FEF ol AAE A dghrh Fo] 15417740 AAFZ A ch
TAY AAEL Gut AUA kot U A G TMEENAE FES
AA T A=Y E A (Jenner) 7} QA7 A S-FE5 FF 8= 2 (‘4
ARE) ol AAFE ol gskar A stk A
o o] S 28k oAl H ok 29 A7 <A
o g &> = 1798 W of] 3 QAT WAl
it Qo 2o = B8k 3 1A A
FH o F7He Astetr] & EE w

¥ 54 dol AUT AAF R A Aol Ba HolE B
A8 4 QA H Ak o] BAE Bee) Aol o5l AFAow
A AES ATt

. 17724 W 2D o] 419 £3A 2 @ SHelele] gl

(Lambert)
o T Tt YR AT FAE GEFAY dnprAd-o gl dl=
FdetE (Duvillard) o] K AHYHE AbFEof thst AT JF &

A gl > (1806)
o o 2-A]F gHE 2k (Laplace) o] <F-E2] 4] o] 2> (1812)

A2, 0=} B E ekt S pot g7t tholo] mel webx = A
© BAMUNE NRA £H A BT

L= f5 p(y) qly) e Joa@dz gy
32 & BelA = gl oS AE Ak g HE Flo] T3 M2

<<°}°] Lﬂ o] 2>
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o714 p(x) £ Vol xoll ZAH AL W) AT = A BE L, g(v)
= o] ol AAT] 2HlE FE oI}

AATFof 3t o] A o] F, th < vl 2 o] = ol o] o} & of
W 2A T ohE A otk 2= 1782d upA o A AbgEth e E s

14

ZF
o

w

10.

R
g

% she] ol A Ak

3

. D’Alembert, J.: Sur I’application du calcul des probabilités a I’inoculation

de la petite vérole. In: Opuscules mathématiques, II, 26-95 (1761).
gallica.bnf.fr

Bernoulli, D.: Réflexions sur les avantages de ’inoculation. Mercure
de France, 173-190 (juin 1760). retronews.fr

Bernoulli, D.: Essai d’une nouvelle analyse de la mortalité causée par
la petite vérole et des avantages de I’inoculation pour la prévenir. Hist.
Acad. R. Sci. Paris, 1-45 (1760/1766). gallica.bnf.fr

. Dietz, K., Heesterbeek, J.A.P.: Daniel Bernoulli’s epidemiological model

revisited. Math. Biosci.180, 1-21 (2002)

. Duvillard, E.E.: Analyse et tableaux de I’influence de la petite vérole

sur la mortalité a chaque dge. Imprimerie Impériale, Paris (1806).
archive.org

Lambert, J.H.: Contributions mathématiques a 1’étude de la mortalité
et de la nuptialité (1765 et 1772). INED, Paris (2006).

Laplace, P.S.: Théorie analytique des probabilités (1812). gallica.bnf.fr
Straub, H.: Bernoulli, Daniel. In Gillespie, C.C. (ed.) Dictionary of
Scientific Biography, vol. 2, 36—46. Scribner, New York (1970)

Tent, M.B.W.: Leonhard Euler and the Bernoullis. A K Peters, Natick
(2009)

Voltaire: Lettres philosophiques. Lucas, Amsterdam (1734). gallica.bnf.fr


https://gallica.bnf.fr/ark:/12148/bpt6k623951/f29.item.r=Opuscules%20math%C3%A9matiques%20d'Alembert
https://www.retronews.fr/journal/mercure-de-france-1724-1791/1-juin-1760/3158/4722622/179
https://gallica.bnf.fr/ark:/12148/bpt6k3558n/f220.item
https://archive.org/details/b22008408
https://gallica.bnf.fr/ark:/12148/btv1b8625611h
http://gallica.bnf.fr/ark:/12148/bpt6k72251b
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WA 29} 7| 535 A Aol Aol

= (1798)

(17089 WA AL <APE>OIN A FR) ANRFLALE S
Aot A7 A AFE AT el 5 Ak FE
AP HEA QR RAHE AL AR 4G5I A
BEow nEWT 97 WElfth WAAE <ATE>S AL
A5 ABE A2 T LEAH FE2A ) AL @ HECR
AT WA A 2L AT Aelao) WSS JBFL AT
U2 I oA MBS WA T ST B AAoR Ao §

Az )

Era 2HE WA A (Malthus) &= 17663 A d 2o A 7] &
AN 2 B o ok AT F 4 (Rousseau) &f X0 2} =52 H o
WA 7} 29 A Aotk 1784 d WA A= Al B A tghof A 4
g FHE 7] AlZFTE 1791 ol T & H 53k 1793 dof] A A
Ze)x o 227t E e 1797 dolE= = A 73] 9] A7 = ek

1798 WA~ <A Aol &3 D2 (—im), 12 o] Zefe
AbZ) A el A E S GW. 15N -MFE2A 2211 71 9] A
27+ AR o] At =8> olets A FY S gy o s S
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8 5.1: WA (1766-1834)

th. o= L= (Godwin) & <7 XA 7 o] e 1A o] Yyl ] H 3} F &0
u] X = 9 3Fol] A3 1 Z> (1793) I 2 = 2 A| (Condorcet) 2] < Q17+ A
218 A H o] #3E AR 7] 2> (1794) o] th 3 ¥h2Hg 0 2 b2 Zl ot}
zgsggo] ARehe o] o2 F3 FAF Yol = B ota F AR}
T A9 A E = E7 et ttal AT BAAE 2 GAES 2
SRTE T BT AU EL M ME S =g E G Wy o
AT AGTE ZAAZ R ool A&dh= A F ALY S7HE Fr=HA
Zetoha vj Aok 2o Al o] H g ] o] AAE TSt AlEES A
sk Zlo] ofvet 2318 Z Rl AAHE BT 4 A7+ AF A
APE T w2 A F7bete A Eol oH, AbSl o] d R = 2, 7)ot
FEAGY R Y FAEA X3 AAH B o2 A+ S7HE
SFc AGel ALY AR = AS] B 8 FoEolth
AHE F&HolE BE |22 FEIFH Y Folth o3 A7t vt
Foz WA 1798 0l AN E ST WA 2E AN =AE
ol g g FFth.

[.]“A7Y F2 A 77} A7 Al B o3 A S e
Ae FE o F3Hs] At A9 AA A S 7] 8ta A
oJA ¥k A Ate g A o g vhof| ZteA] etk Ak
2 z2FolgtE & & ol= Atgto| 2 w3k Fol vls] A
FAFl bt AHEA & Aolth AL 4ol B
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o e} o] 747 BB Pol A7
of ). o] AL AR o gomy
deloha A4 H el AAE o v st o
}ﬂ%tpauaa1 Aol H, A5 A4
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> W 1o ot ro
N

A3

WA o] A2 e A A ol gltk. o 7)ol = Tl o8 7} A 9] 23 of 9
#) 9gkek. oI So) WA 2E 184719 vlF AT} 25 dmhek F w)

ZA = AJA S AT YAAE AL =AE 433 2d g

A et shA] A, v ) FA|7F 2 ok Z Al S 8l (Quetelet)

9} o] 2-Z 5ol W] 2 F 2 E (Verhulst) ) Fo) A5 93 2 o}
Frt}

BAxE AS 20T AFER A 5L, 23" U] oh 2 Al
b2 AX ZRFAG AAR oY S W oY Foll FHA HEE
+6¥a}oq 1803 o] <A72] Aejof] &G A o], = AF7F A7+

Eol M2 It A ol that Asl], 2] A7k 2 e dh=
°b1 AA == %:@Ml w32 Aol e F> ek vE FAE

Q¢ SEA 28-S ALY o] F oz S0 o] MR oA

= 2E A Y, 9, do}*‘ﬂ{ 712, A4, AW, AAA 22 F A

S 7kl A I F 7] ZFollEol tHOH A 8] 1=2] et ““/‘1/‘01]741 4
S 2 55 AL AT AAIE AT H A Aot o] Ao &
2HE2 18064, 1807, 18171, 1826 A of] W] 2}e| © &7k 9Lt} 1805
A AAE JAE A5 A AHS A e AL A
A AA T W47 Aok T E3 <A e -} Fo]of o gk &>
(1815) &F < X 4 Al gto] A 2]>(1820) & S7HF T 1819 WA A+
FHets) sl gog AEH A} 1834 dol= BASI 9 Fy A =
o] H Atk 2 22 8l vk A ol A AP R

WA A0 A= RAF 2] WA & G n|H T v EF5 o3
upx] 31 Fop2 2 Thel (Darwin) -2 1838 "W A] 29 Q1of] A5 A
Atk 1859 ol S7He 29 F e AA <5 7ol thato]>
AZolA 272 22 tha3 2ok
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=
el
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> 9]
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2 3 19 ofojtjo] 7} vighthar W)
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= o =
FaZ3
1. Condorcet: Esquisse d’un tableau historique des progrés de ’esprit

w

humain. Agasse, Paris (1794). gallica.bnf.fr

Darwin, C.: On the Origin of Species by Means of Natural Selection.
John Murray, London (1859). darwin-online.org.uk

Godwin, W.: An Enquiry Concerning Political Justice. Robinson,
London (1793). archive.org

Malthus, T.R.: An Essay on the Principle of Population, 1st edn.
London (1798). econlib.org

Marx, K.: Das Kapital, Erster Band. In : Marx, K., Engels, F., Werke,
Band 23, Dietz Verlag, Berlin (1962) kulturkritik.net

Simpkins, D.M.: Malthus, Thomas Robert. In: Gillespie, C.C. (ed.)
Dictionary of Scientific Biography, vol. 9, 67—71. Scribner, New York
(1974)


http://gallica.bnf.fr/ark:/12148/bpt6k101973s
http://darwin-online.org.uk/content/frameset?itemID=F373&viewtype=image&pageseq=1
http://www.archive.org/details/enquiryconcernin01godw
http://www.econlib.org/library/Malthus/malPopCover.html
http://kulturkritik.net/systematik/philosophie/mew_pdf/mew_band23.pdf
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Hl2FAEQ} 2 2| A€ HFA Al (1838)

1838 d Wl 7|0 9] e A M| BEEAELE V|24 A A A Al
duslsts Ao HUAE LT ALY B EF A
I oY 574 53] 2] vl olHE ARg8ho] vl A2 w7
TE ZAY H2EA2EY A= 1920t o] o] 2] A o A
A Aok,

g o) 2-Z P 4ol W] 2 E A E (Verhulst) = 18043 B.5) A of| A] € o] 3t
17,1825 A EY St oA 48 v AL S E FHEY T 2= AR =
F4lo] Btk A% ARE A9 oL olel ML FF T 2FH
Aol 243t AN S ASHA T AFEA FHTh 18309 34
W 7)o =7 o] F ol 184 7] o) Fapol] Tk QAL o Al o] & L E AL
18350l B Aol A2 AR Af thetae) 3t @57k = Ak

2259 1835, FA A A B ART) 289 FE o}E 2
A& 8 (Quetelet) &= <QAZE} QA7ES] 5 Jldte] #E =2>E L=
ok Asd= BA L Malthus) 7 A58 FolEo] 459 ‘A =
373 st7] Uﬂ1+°ﬂ 017-7} @ & 717*5"* 7] Sty ALR TS 5 g

=
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138 6.1:
HE2ZEAE (1804-1849)

S e
£ 998 2o 2Yrhe A 23 Ak o WAL AL
TN AR H ol AL AL DT W =4 A7}

AT L]

ek 9179 WA 9 FoHe Foke] )
3

22180 o
sl AT ARAom e A4 o 44 4

el el 7+t

M2 EsEs A ] fAl skl thaul g7k el el A ghrhe A
(1) A

e ohe T 22 (o] 43



9 HAAL = P(t) = P(0) e’ & A5 T4 A o7 Z713tch! P(r) 7}
AR P() 7V KB 2348 S

=
BAES eT7HE 752 Atk A4 6.1)9 e #45 ot
Tt < ¥ 2 % o] (Daniel Bernoulli) 7} A A (4.5) S 29 & A 22
Wa)o 2 Feystd "k

WMAA6.1)S PR UFIL p=1/PE FH dp/dt = —rp+r/K
S 7+ Atk g=p—1/KE A&31A dg/dt = —rq 9}t q(t) =
q(0)e"" = (l/P(O)—l/K) e etk meEkA p(r) 2 P() E T

P(t) = 6.2)

14 P(0)(e” —1)/K
OAI AL P0) oA 1 — Hoo A FEFK7HA] XA L
DH 2 6.2). WA 9] Wi} A5 r g Ko AFR 3 32 6] A
oro A W2EAEE 18170 A 1831 Alo] o] m ek 1815 o A]
1833 Abol o] 7] of, 1811 d o)l A 1831 d Abo] 9] = o AAAF, 1796
ol A 1827d Afo] &) 2 Al o} Qo] &k b o] B] 2} AHA o] AIHE v
Froh 29 A2 o]y FA 9 3 & sEtch
1840 W2 AE+ BRI A ) F A R Y] w47 H Ut ol &
el & <ERd 49 712 =8>S U A7) of G ofFbd vl
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B Abol 22 ol ghe Wol & Al 2 BE gl 1859 AFE Thelo] < e
AA>S END T BAL f e
dol <544 AA>E 2Bl A4 5ol g0 o5 A2Y 5

9k F e

7= (Candolle) & <-4, W o],
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e o] 917 o] W} el ol 1] x|+ Z}2ke] gk ol vl 3k of Al o] &
ge <) TspALY 2009 4b> Bhe AR ) A2 22 o)A
e ved e BAL AT
“Wiols £ pEY =, 29 9@ 78 EALAES] B3
B AR} §eA A F e 2150 AFHoloF AH
FAA JH ) 28o] 3 WAL WA FY) BE R
= 4L 28 4 vl Gtk L] S3tAE & AZo] o4
EE e AUE A $ET AU E 24 3 BB
T kel Aol & A Fak o BA Aol dA A
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AlBHA Sk&o] 2pA1 9] A4k} =
A g ot EEZ 7HE 5 At
FEK(=0,1,2,...,¢) ol gt 73tk &, FH| AHE I E B2 2Hd
pr = a;/100 ©] %T/} - 2hA po+p1+--~+pq:1 o]t} 0 A Mo 7} &
Aoz IAHA AT AL HAL 1MUY= EE p,EsHY G R
TR St 29 Aol oln & & A, T A7) A opH et
EFolH 2 (De Moivre) 7} Al A 3 E =& WA &E po, ..., pg 2F B H

f(xX)=po+pix+pox+--+ pgx? 9.1)

UM AZ, fu(x) E XY AT 7OA S S FALZ R E A ZHse] n Al

ol s el 92 HES AT AN L DAl ol 5 1w
fix) = F(x) 7 BTk S e 2L AL AT,

Ja(x) = fa1(f(x)). 9.2)

o) B4 AT f,() & AT A 22 ANR 5 Ack

A7V f(x) = Pon+ PraX+ prax® + -+ ppax@) 2 AT 0
Aol = A ¢" B ddo] EAME 5 Atk n—1 Aol 157 E s
7HA S 7 AR s el FAd o] ATk, 159 3 A 8
t, oty Bkl B2 o] A, n Aol b 22 SEEr B Y
g o] 218 Aol

Ptn = Z Psn—1 X Z Pty X X Py

s=0 t 4t tg=t




)31, thg-o] 4 Y gk,

Zptn = Zps,n—lz Z (ptlxtl)x"'x(ptxxfs)

520 120 t+-+Hs=t

pr,n—l [P0x0+p1xl+p2x2+...]s

s=0

Z Psn—1 [f(x)]Y = fu-1 (f(x)) :

5s=0

58] n Ah ol Aol 2B BB x, 2 po, T 2T, o £,(0) 7 5
Qs R o 2, Se-e The ) o] FlTh

Z,q=3%po=p1=p2=1/3°th 2= FAA9.2)& A&t n=
1,-.-,4°ﬂﬂ1?‘&5}3&’%‘fn()€ At A& S0l k2 22 A5
AArt
1 1 +x+x2 1 +x+x2 2 13+ 5x + 6x% 4+ 2x3 +-x*
= - 1 =

f2(x)3+3+<3) 27

T3 f5(0) = 13/27 ~ 0.481 o]t} n > 30l th3k f,(x) <] A4 uj->
Ao n=49 -5 sko] ALt @#%@@Eﬁﬁ} xs = f5(0) =
fa(f(0)) & o] 8319 f5(x) o] Ak A& 4 Ql, b3} 2ol 4aEE

48 x, = £,(0)2 78 4 Qg

x1 ~0.333, x~0481, x3~0571, xs4~0.641, xs5~0.675.

A3 2H-8 x4 2 0.632 2} x5 ~ 0.677 ©] 1, o] = H| o L} 7} =& 3 7heh
SHFA xy = f(xp1) B AHEEF] AT ¢ QT 77 o A AF H A
s FA2 BAEA0.2)NMNE =5 5 Qlth

R A WA AA A G o) BRAOE By =pi+2pa+--+
qpg 8 b= 7HAIAL Qlom 2o AWMA oo X % = 1°]2ke A= &
opith webA 7] dA 7HE 7 9Y U SR Bo W VS R
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AR U2 BE AAFo) @] DA TH: Al
Aol oA 94 e 28 02(8%) 9 sl e] A58
A A el ol The AE o] STHe A2 HA 4 e,

ru]m

378 9.2 Fgy=Ffx)ty=x9 THZ. n Ah W 2 5 x
En WA AGZE 7R 9] Eololth AZE: f(x) = (1 +x+x° )/3 L2
(34x)7/4°.

FHA AR, el o] ol #E 225 1Ak

(q aqfkbk
Pk = (k) (atb)’ 9.3)

278 T 9.1« f(x) = (a+bx)?/(a+b)? o]t} kL2 fo(x) 2k xa = £2(0)

S AR A7 IEx = fx) o]l EE nol |
ghe A stk 28y 2E o] 4] ¥
9.3) el vt H-gd vt A2t o] F4 S g=5,a=3,
Agste] th2 22 23 dnk

]

x1~0.237, x~0347, x3~0410, ... x9=~0.527, x10~0.533,...
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SEL x, 0l n— oo dul] T x Ol TR OF B, xoo = f(2e) =
(a+bxs)1/(a+b) & WHF3h= A 7D Skoh ltX— 1 o] o] -4
A9 et AL YRR R > 128w G2 &7 JS = k= AS
MEA] Xk TeA 2 FEQ] 279 Oﬂﬁkoi }= 28 gk =4
A g 23 BE Ao 298 (o = DA AhL R 2 E YT
I 92L8F) & oAl o] ApA o] opd & HojETH

Sk o] Al A ¢ obE 1R T ATHE 21E Gobdllth (A
Al B %o = gb/(a+b) =5/47F ATh). o= AF 7 7St A o &
7Vt Aol ok ZE oW gtk 2 o] A2 27 AR Y] 2 F
£ 3A%e ol =80 HA Fokrh 2 AR o] o] FE ] A vt
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°¥9
o

3] 3| P95 AR RS UE <92 FH3HA}, 1

59 BTG Fg>olgte AEY S U 75 i3t 34 AT+ E
olojubzith. 1t E3 AAE FAH L AA SH TN T A4S 2
= Rtk 1+ 1884 R oA D& A S o)sto] B ALRE S
tolEl & AT 29 AE 1889 <A 9] G A > ol gt A 29
Hog EAFoH, RFo= At FF5or A4 19 =Rl
A o] Hof = MR o} AR 9} T2 2L FA o3 9}

AT, S FAA 54 BN A F| HHFolgtE dolk &
A= At 1888 o] & ZH2 2 W F F=5 FFo] AHESHA 2 A F
AA 71 LA B ATl AA A, A A 54, o] Aol
AA At 7T 27 Ee AP A A AE F Y Aol g A
()T 23 (F5) 727 thE Gof thalf AFE ol Uzttt ol &
o 1 T A 2k A l E}L MES Tk 1904 HE
FUMAIE ZE A Yol 29 A7 A -HE ok 28219099 7] A
2+ E wkgk o 1911 of] A3 Jq.
SHE2 1876 9 71 A9 25 o] &l st

Aol 27 A7) 8} 2471 9] 484 o] ol #E
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19243, Z+ 5] o] <= (Pearson) < =& A 7] 2] = HA] ol A] 7} A 9]
o] A3 =49 L FE FopAe A X A Th o] LR

1930 a0l v eAE ok (777 Z1).

1. De Candolle, A.: Histoire des sciences et des savants depuis deux sie-
cles. Georg, Geneve (1873). archive.org

2. Galton, F.: Natural Inheritance. Macmillan, London (1889). gal-

ton.org

Galton, F.: Memories of my Life. Methuen & Co., London (1908).

galton.org

4. Kendall, D.G.: Branching processes since 1873. J. Lond. Math.
Soc.41, 385-406 (1966)

5. Pearson, K.: The Life, Letters and Labours of Francis Galton, vol.
1/2. Cambridge University Press (1914/1924). galton.org

6. S.H.B.: Henry William Watson, 1827-1903. Proc. R. Soc. Lond.75,
266—269 (1905). gallica.bnf.fr

7. Watson, H-W., Galton, F.: On the probability of the extinction of
families. J. Anthropol. Inst.4, 138—144 (1875). galton.org
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http://www.archive.org/details/histoiredesscie00candgoog
https://galton.org/books/natural-inheritance/index.html
https://galton.org/books/natural-inheritance/index.html
https://galton.org/books/memories/index.html
https://galton.org/pearson/index.html
https://gallica.bnf.fr/ark:/12148/bpt6k56168b/f279.item
https://galton.org/essays/1870-1879/galton-1874-jaigi-family-extinction.pdf
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22 10.1:
2 E 7} (1880-1949)

AR)E e dyol 2l a8 AT Uo7 A& A et 7h g
th Aol A A A E (B AT ‘/‘0} B2 )<= B(t), Yol x

o A o} & Ao} 9l S BES p(x), Lol xol| A EAES h(x) Bt S} dx
7} 7 33] Zohd h(x)dx = A o] vel x0ﬂ/‘i x+dx Aol el A48 of
olsS 7HE gEolth. 24X 7Y & thE % 2ok

| pwyax

0

3 B(1 —x) p(x)dx = A Zbt —x 9kt —x+dx Abo] ol Bf o]t AJ 7k o]l
ol A3 ot A= FAe Folth o] EAEZ AZbrol & AT

B(t —x) p(x) h(x)dx 8 o] o}55 73 th Wb Az o] & 3 S E

B(t)= [ B(t—x)p(x)h(x)dx
0
o) A2 P Aol thof Br) = be WAL A% HE T3 A5 2=
£ FWL B R e 3 e BHAL TG

1= /oc e " p(x)h(x)dx. (10.1)
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sHAh). At7h > 0L th23 F 2] ot
Ko = /Omp(X)h(x) dx>1. (10.2)

7 Zo(0] E7]+= 1925 HE AT LE 7} 93 = Ak =
o] B 5 AN E B 7 ok ot

2EFE QT 27] A% Fxo| 4 glo] By AT
At = oo D Wl B(r) ~ be' ! 7H ATHIL BT (b ).
% Q& T3} o] Foj ATk

[e]

me} Al

4 24
3

r oo
P(t) = /0 B(i —x) p(x) dx.
A7 P(t)Et — +ood uf ' A FIE AU FAEA HH AFE
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F A 2 228 AT FR)S ARG EA FUA
AFAES 4 o] 2= F (Pearl) ol Al 22 A<= FATH
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o] 7] 4 a = 0.4825,b=0.2126,c = 1 —b/(1—a) o]tk L& Yiopir = |
ol At o171 A A T T 2Tk

bx
l—cx’

f(x) :a+b+zojck_1xj‘:a+
k=1

-‘:r;ﬁ%leﬁrxza/CO =
o7 Z2). v ol ik =)
FE S =f(1)=(1-a)*/b~ 1260t} F7F A
F(OFs, B 23 71259 77k E B ekl 7k o] 4
2 80% o]4olth.
2EZIE= 19423 v 453 sl g oz AEE I 21+ 19474
551319499 A A o] A AP Th 19253 o] Z7hE 19] Ao
A2 195600 < BB 7 B> olgt 2F HEAFOR
Zb=] Aot

N{N':\éé

x

k3

kil

4o

1. Crump, K.S., Mode, C.J.: A general age-dependent branching process.
J. Math. Anal. Appl.24, 494-508 (1968)

2. Dublin, L.I., Lotka, A.J.: On the true rate of natural increase. J.

Amer. Stat. Assoc.20, 305-339 (1925)

Feller, W.: On the integral equation of renewal theory. Ann. Math.

Stat.12, 243267 (1941). projecteuclid.org

4. Fisher, R.A.: The actuarial treatment of official birth records. Eugen.
Rev.19, 103-108 (1927). digital.library.adelaide.edu.au

5. Gridgeman, N.T.: Lotka, Afred James. In Gillespie, C.C. (ed.) Dic-
tionary of Scientific Biography, vol. 8, 512. Scribner, New York (1981)

w


https://doi.org/10.1214/aoms/1177731708
http://hdl.handle.net/2440/15101

74

10.
11.

Jagers, P.: Age-dependent branching processes allowing immigration.
Theor. Probab. Appl.13, 225-236 (1968).

Lotka, A.J.: Relation between birth rates and death rates. Science 26,
21-22 (1907) — Smith & Keyfitz (1977).

Lotka, A.J.: Théorie analytique des associations biologiques, 2¢ partie.
Hermann, Paris (1939) gallica.bnf.fr

Sharpe, F.R., Lotka, A.J.: A problem in age-distribution. Philos.
Mag. Ser.6, 21, 435-438 (1911) — Smith & Keyfitz (1977).

Smith, D.P., Keyfitz, N.: Mathematical Demography. Springer (1977)
Tanner, A.: Von Molekiilen, Parasiten und Menschen, Lotka und
die Mathematisierung des Lebens. Ziirich (2014) doi:10.3929/ethz-a-
010209129


https://gallica.bnf.fr/ark:/12148/bpt6k387264
https://doi.org/10.3929/ethz-a-010209129
https://doi.org/10.3929/ethz-a-010209129
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shol-uk el =2 % 2] (1908)

1908 93 52) 5814 Be] o} 5 <1 o) o ahx mhelu] 22 W o)
W 2ol ubeh T4 2 4R e T8 2 AW A F oY
FAANA Qe fAAF NI ANE AH QAFHA 44
sA4oR BAYh 25 £344 mYL A7

aE=xe s E st (Hardy) = 1877d G = A 2] 5o A B o] st

9] Brde WA T 1896 AR E Al B 2 A] tfgw EjUE Zg
Aol A 82 FFF AL, 1900 of| = 22 i 8he] A = 97}, 1906 ' d ol &=
St w7 = Ak A AR A A < W gho) A RS (1905) o] &

o
19083 <= 3 Fo> 5 S0 o, o] 2 Ak AA A= o
e gl =ol 2 W glok
FA] Wl (Mendel) o] A7} A A HA B 74A] ] £ 0] A 7] 5
th AR AAERAEL A 9 S AlHE AF LS o WIWsHA

UERA] =X FZFall fth 1905 d <wld | &> k= Al 59 S 2
H A 9= H Yl (Punnett) = Al QB Ao A g7 2] 2-& st shr] ol
Aol A5 dATE st 1908 d o 3 <EF FH ol Ao Wl

57

AlE > ol Ba =gl Aol A e AN AT B4 gest
93] 25 A SHEV ) Aee] LA o 2o Ak T FE UL

3

>
ox
>,
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4

22 11.1: 3bY) (1877-1947)

Aok B I A%a, S AT Y F A AR (EE U HFA
Ay ol vk A4 & Atk Al noll el p, = FAAE AAY W=,
2,2 Aa®) WIS, 1,2 aa®] RIE2}al 31 2b B8 py+2g,+r=1°]Th
st S o] fAAEY T o= AE thE F FAAFH v LS of
AMFES S E4HEY] AAE do| A= et E Ak n+ 1
Ao R = pAthol A F2 2 AeE 3 WA 7 p,+g, Y SER
NHFAAGAE A2evts FS Azt g A AL 5= Q. 274
Aol FHAA o] AAY

il

S UHFARATE A AEE Aol F2
HARHAAAZ}50% BHE2 ALE 7] wEolth
A Z A G- A aE g+, S FEE AGHT WEbA £ 1118
E81T e Al ow A 4 Q)

2o 3 =)
o A2k A a
W Pntqn qn+1n
A AA Aa
Pntqn (pn +‘In)2 (pn +‘In)(LIn + rn)
a Aa aa
Gn—+1n (pn+‘In)(Qn+rn) (q,,—l—rn)2
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n+1 Ao A FAX3 AA, Ag, aa @] RI=+= 22} puit, 2qns1, s
olck. whebA] ol the o] BAS Rtk

Puit = (Pn+qn)? (11.1)
2qn41 :z(pn “"‘]n)(%l""’n) (11.2)
Far1 = (qn+10)*. (11.3)

7t A p g HrE
ket g ofof whet
F 22 g% = pr3to]

I8 o2 = oHl X A0A FAAE S vl
g8 Aol 24 A3 FA2 = JeA 4
p+2q+r=10122 AA (11.1)-(11.3) 5 5
AHTE &5 Uk

I+ [.ﬂ

o _o

13

pal

il

Sol, A AR BA A 3l p=(p+q)* = p*+2pq+4* 7}
€ p(l—p—2q) = 2 webA] pr=¢q* 7t Ak

Pot+2q0+r0 =18 WE3HE Qo)) 7] 22 (po,240,r0) N A A2}
3ol Sl kg9l Ao AT WA

a1> = (po+40)*(qo+r0)* = pir1.

webA (p1,2q1,r1) el olm] B AEiolH (pr,2gn, )= BEEn>1

of th3ll (p1,2q1,r1) & & LA FA At OMtHoll A i /A AL
MESx=pi+qo2 AAE, 1 —x=qo+r2NYF AR a2 NE o]
ot A4 (11.1)-(11.3) & thA] & ARS8 BE n > 19 o
OSol AHTES & AT (29 11.2).

pn=x", 2g,=2x(1-x), r,=(1-x)

A4 0w, 919 A8 FAAY AA, Aa aa®) W=} AN E A
5

AE WA e PP oz oo At W] o2& A g A7y
AR 94 fAR) NI AAA 0T S84 btk

et

o .
K

JME ol HAY T wE A FEA=H, A
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aa AA

Aa

2R 11.2: FARY AA, Aa D aa 2] BHAE S WNE o) 3G T4, 2x (1

x) B (1- )AZEHJ

o] 7hdo] dd A oleta 7hgd o) A AT FH4
A gtk 2ol Atk o HA-E thel (Darwin) & 2+ A E
o] 29 A F stHE sl A gt AAZ th A2 FAIH A
7R &2 ZF Aol A 2R o] A S F R 549

Hgoln, zt FR7F Ak 7l gtk A 7k o] ofoly
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1. Hardy, G.H.: Mendelian proportions in a mixed population. Science
28, 49-50 (1908). esp.org

2. Hardy, G.H.: A Mathematician’s Apology. Cambridge University
Press (1940). archive.org

w

Punnett, R.C.: Mendelism, 2nd edn. Cambridge University Press

(1907). archive.org

4. Stern, C.: The Hardy—Weinberg law. Science 97, 137-138 (1943)

5. Stern, C.: Wilhelm Weinberg 1862—-1937. Genetics 47, 1-5 (1962)

6. Titchmarsh, E.C.: Godfrey Harold Hardy, 1877-1947. Obit. Not.
Fellows R. Soc.6, 446-461 (1949)
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Jahresh. Wuertt. Ver. vaterl. Natkd.64, 369-382 (1908). biodiver-
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2. Ross, R.: The Prevention of Malaria, 2nd edn. John Murray, London
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H| & 2 g} (Volterra) = o] &Fe] o} 7 £ 5 7] AA <l 1860 o7
U] S ol AlE oA Ejo] W1, BA] QFF U= o2 w3 ol &35 91
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29 13.3: 19003 A Y B A
tistu oA el 8L s &
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E13.1: ALAAANRNA AF Eg o 2H], 3], W X ote] o] F AF
o F9] v&.
A% 1910 1911 1912 1913 1914 1915 1916
E g o AH| 5.7 8.8 9.5 15.7 14.6 76 162
3] -9 - - - - 119 214 221
Wy 21.8 - - - - - -
Ax 1917 1918 1919 1920 1921 1922 1923
EgoaH 154 - 199 158 13.3 10.7 102
3] -9 21.2 364 273 16.0 159 14.8 10.7
Wy - - 309 253 259 258 26.6
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of ittt 19 of 2= A P 2 v ol shakg T 3] A = 1909
URE 1913d7HA] AG B2 A tf g d] 2 A= Fpo]-¢- 2 Zre] A o
A e e TR AT BA FAE2 w2 A 2 sk 9l itk
1911 d 55 3£ F 9 (Galton) o] A& 83 of Fofgct 1=
Z 83 W (Mendel) & A7t FHH FAF EA O st1E7] A=)
th e FHE A $ O g5 B AUTEY S sFollA 43 &
HEA Y A E dut T2} 3] Abell A DFTh FAISE ZA] wljEol 12k
AA SR ol A-APA T ZFAT 4= gldeh & o] 7|7 5t 15T
AN FAES 7t Hh A7 A= 3SR H AT E ASYTH
Stz AFE ATk



19199 I = 5ol e £ 2E2HE AR AT 40N A AR
P

13 14.1:
3] A (1890-1962)

1922d 3| A= <A v & heto > et AFY =
th o2 23 A EE ofolt]oj g} T, 3= W | A
A3z A Zxe A A8 Mdes 2ds ey md 2
M= strel 2ol 7 7He A A AL a S} 729 vl 7hAd o 9l
T AEZ 1A 28 v 2= /AR AA, Ag, aa E 7H FRAIE €]
g <l ] H7] Aol A& o AVEES 7]'X]‘j’~’ 7hgsto] Apd A e
2kt n Yl A 1S Al ZFA] A AE M= E py, 2g, e Ol 2HL
7438t n+ 1At el ol & g { AR S 7 A ok 24 (pr+4qn)?,
2(pn+qn)(gn+10) D (gn+ra)? 7 B EARE o] D uf71A 9
AL FESu, v, witdl Stk 2 W n+1 At &3 A Q1 7H A<
FRAAY RE poi1, 2qnt1, ey © Th 2 2T

fl

S

t

u + 2
Prit = M (14.1)
n
v(Pn+ +r
Gnil = (pn Qn)(Qn n) (14.2)
dy
W(qn+rn)2

Tptyl = T (14.3)
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o714
dy = M(pn +CII1)2 + Zv(pn +Qn)(‘]n + rn) +W(Qn + Vn)2

olth pu+2¢n+r=1922F, u=v=wd W(Z, AFA A= o] g &
), (14.1)-(14.3) 9] A= 3t 7} 283 A (11.1)-(11.3) & Zo] =t}
Xp=pntgnen A A NA T o HFAALA L] W= A F2E
A gutrn=1-xSRERA2 e Hzo|t) (1413 (14.2) 5
oot oh 3t 2tk

ux2 4+ vx, (1 —x,)
ux2 +2vx,(1 —x,) +w(l —x,)% "

Xn+1 =

o] WAL e 2ol thAl A2 4 Itk

(v=w)(1—x,) + (u—v)x,
xn+1_xn:xn(1_xn) ,21+2vxn(1fxn)+W(1*xn)2 :

(14.4)

Aehol AA x, D=7 AR IA A5 & 343 FEN G F A o4
ZAFT Sk x =0 (ko] A% FA PR e T4 o3 ThE
S r=1 (Aske] A% S Y PFPAAZ T4) ol ch

WA (1442 A8 FRAUD 47 2 £ fAx PR
AE g H EoW >y, Tl L u>w) G F AR a7} Aol A
A2 Aebd Aolehe AL & 4 k. F o ARAAL} BERGHE
2 23 YTk o] 9 AAe| A E5HA 42 Holnk 1L} oY
A A7t 5B AT AA D aa ol 03] Do) S E ZETRE >,
285> w A A AR A BER S ek ol A0l A

] Z
T Aol FRE] AT AT AEH S AYD 5 Tk

AAZ x, 0 10 7F7H2 W] xp1 —x0 ~ (1 —x) (u—v) /u O/ B2 u>v
Ao A A x=12 HBH ot} QT+ o] B el = A
At AF A x=12u<vd o EXASH, o] FF Al AA
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% V—w

Y T Cu—w
7EEA S, 0 <x* <1 oJth 3l o] ZEj7F M Holgt= 2l B
o= 2= 9tk AAF A x* = A 7FA] S A2 o] T Aol &) wrake).

wheb W) ) A A A FhA (o] 7] A A ZEA) 5 A o
W A2 T AE BHE) S AFE G AP BE EE Lo
£ /A 482 49 4 Aok A4 AE olof o 29 e
(J.B.S. Haldane) (777 &z

1A% s ek

2070] Ul A7) D] $A0) L B AT aarl HE T 7
Aol uls) Relakol uiviwrh1:1:1- 2] W &2 A A9 (€< 1)
44 (14.4) 0] ThE o] B2 oA,

1— 2
Xpi1 —Xn exn (1 — %) %&‘xn(l—xn)2 (14.5)

T l—e(1-x,)?

WoF ol AP Aa) AT B0l F FI AP AEE B0 Aol
AAu:v:wZFl:1—€/2:1—¢e2] v]-&o] HA}HA

£ xn(1—xp)

— &£ 00~
~

€
Xpil —Xp = I —e(l—x) ixn(l—x,,) (14.6)

ojt} (o4 714, e < 1).

A 2EAHE A F2E 853 7] 260 #sk 74
oJHE EA YT 2 v 1= FAAE PP E & FdS Frh 1925
Wﬂh <<°4?L° = At FAAR P> olgt= Al FL AZ S0t 2

A= 3

A3]

i Z““* °1i>>% =7+t 1933 LdOﬂ% ZH AT 4 Z IojE HE
olo] FUMAIE Ze]A] ddo A u4= AE ek 1943 d ol =
HY(R.C. Punnett) 9] 402 A 2]z tfgt %;ﬂz‘;gr a3} A o
2 AYE SAT U1 FR). 2 T8 <A AA>(1935), <23

(
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) o] 2> (1949), < FA A W 3 kA 2> (1956) 5
NS =3g ) 19524 7] A} ZH9 & vl 7= 19509 2§
JZHsto] 19629 of S| o] =l A AbEEITE 19 A9 th

7770l A] ThA] THE .
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X
d
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&3 %13} (1924)

(10249 470 EATA &2 5L AL BAMlo) 3 e S
2 AAHL S L 2 AWl ol 2L 52 AT+ Arhe
A% BYe A7YTh 20 BAL %) 5 4 REE AP
Aol e, tlRE] £ 3 F0 E T YT 450 So] BE
F2 EPHL Ak gol 29 Blo] 2UV HEA VA I3
2 A%S W 7)E ofe} Hope) AT A ol e A RAN ETR

| AT gtk )

Z2A =Y & (Yule) 2 1871 d 2T EH = A Bfojyhon, 19
b A& AE FA F= AR RNA 1AL Ak 164 o] &2
AR Yo7} = 7] fal FUMAIE ZE] A Ad o A F7317] A2
1892'd 1= WS whto] @ d Ao Axlule] 2AE 458 BT
A} 3Rl 2] 3] & 2 = (Hertz) o] A = ofeff oA 1A AFE T
o] YF o2 FolS uf Z 3] o] (Pearson) & Lo Al F UM A E] Z
2129 &3t 2 A E A UTE &L Foljt HE oo F
Age] JZet7] A1Zh 19113 1+ <FAT Y>3 o,
o] A 14 o} AAAHY H Ak o5 2= AYEYA o w
2 & H AT 29 A7 TAY o2 F SHEvtollet w9 A
A stof 3 S8 = ook 2 19229 2 3] 3] Qo] = ok
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1% 15.1: &(1871-1951)

1924'd €2 < vhate] 2 3ol 7]ukek X1351e] 384 o] &>
olgh= Al F] =&s LRI dela (Willis)= 1922 d 0] <A™ 7}
A1, Fo] A Fxo 71 Yol A AF>ete AF] A AT

3 33 EE%{D} I AER F=Y ER70dA Y & 59 F9

A7k v oo mE W 2] £2 8 F Rk
- R A FE 26t Jlon], a5 £o
= X st ATk & 151 ol &3 dolH, = o &3
, DA gl o] 5= 7} (Chrysomelidae 2F Cerambycinae) of] 23} ¢ o]

o] o] E

B & HojEth A 2213 1,580% 2 Supbll2259719] £ 02 £75
RE, 135105652 150, 452230, 2352350 28
3= A 0] 9111, 100F o] AFo] 2FH &2 2% 0| ith thE T4 E 79
A= 23 5+ £ ExE v A JHE B &2
de| oA ol Hlolg g aelzE 2O AAIYE T H ety Al gk
I AR =9t (2™ 152). n S 23 £ 50,9 23+

]_
log(n) ol whe} AP Ao 2 Fadie ¢S ATk &, oJd As a>0
2B >0l hated 9, ~an POl ‘Hots WA o) Ex
h 19240 = Eo|A gL o] FAH BES AT
F3hH mdlg Aokt
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E15.1: )27 ¢33k ol H.

A S

4o

of\

b

= T
Chrysomelidae ~ Cerambycinae % Z=upyl
1 215 469 131 105
2 90 152 35 44
3 38 82 28 23
4 35 61 17 14
5 21 33 16 12
6 16 36 9 7
7 15 18 8 6
8 14 17 8 4
9 ) 14 9 5
10 15 11 4 )
11-20 58 74 10 17
21-30 32 21 12 9
31-40 13 15 3 3
41-50 14 8 1 2
51-60 ) 4 0 0
61-70 8 3 0 1
71-80 7 0 1 0
81-90 7 1 0 0
91-100 3 1 1 0
101- 16 4 0 2

A 627 1,024 293 259
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138 15.2: £o] X3
e 2o fo e
%5 T nE e
23 2AYE e
A gl o 2
5+ (Chrysomelidae)
o that ol g, n(E d
o zyol 2w use 10
S L EEL

15.100 A 2} Zo] n 3t 0
o 9ol e se 107 <
+E A9tk webA

I

101

5733 ngkel gt B =
&SRR 10 5 - .,
2 9t} 10 10 10

S AR Y 15.3). ZEr=0AH &3t Fo =z A5 o],
3o AT Aol A B2 A A di S A st Fol =AMl E &3
2o so) 2o FS AN D FEL rdr 9 2rha AR (0171 A
r>0).

1 3
3
1 4
13 15.3: 3£ U9
Z 4 A8}o] U3k A
B oA 1S 22 2
138 AT £ 3 t
o F 42 YAFT

AZEE Y] ol EAT BHEL pu(r) B FTHA S B5 o)A W
(= A5olth. &2 p,(i+di) & AL A3 The ol B A4 98

Tl e 2 (77 F2) S 1914 d o WE S =R ol A A7 Bl A o] ZElE o] 1]

A7517] Al 2T,
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Yot

o AZrroln—1%0] JAThd, 2+ F-2 1 91 +dt Arol ol 3hte] A 22
T2 BT EE rdr £ 7HAH, dr — 098] F kol tisiAl = AlIZE
t+dtoll (n—1)rdt 2] BE=Z nFol A A olth

o ANZrtoln 7N Fo] Yvbd, A Ztr+diol=nrdte] 3EZn+1
Nl Fol A A o]t

ek pu(t) € B3 22 dH V2 WA Ao FolXth

dpi

—_— = 15.1
7 rpi1; (15.1)
d

CZ” =(n—1)rp,_1—nrp, (15.2)

En p1(0)=10]B= pi(t) ="
E Atk 271 274 p,(0) =02 WHEsh= F AR A A 9] o= ok
z

pat)=e (1 —e ! (15.3)
ol EEn>20 thall B H3TH (T H 15.4). ek o] 8 A" AT
NA BE (pu(t))nz1 8 B2 F A5 F ALY &0l | -7 S} 22
‘715kekA Faoltk

— [p,,e””} =(n—1)rp,_1e"" (15.4)

Hlmﬂ*“

(15.3)2 5 =+ AUth Ao = o] F4jo] WA 4] (15.4) 2] 3

z 1S ru
=
OIA
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/
1
n=1
n=2
a9 154: A7+ N=
to] 22 Holn 0 n=4 —
Fol EAT &E t

ot
kv
rlr
>,
>
o
Iy
rfu
3
v}

wel ohe 3 2ol et F e Ao 57

~+oo
Z np,(t) =e"
n=1

AR Z BE [x] < 1o o3l
= d = d 1 1
-1_ “ n_ 4% _
n;”xn _dxngbx dx(lx) (1—x)2

o|BE thgol Y

too
ann( _ rtzn —rt :ert.
n=1

EST7heT =22 AoE = w7 A Zbolebd, r =T A AL & 40
, _

et &E FZ (pa(t))nz1 = HIE 125 ZE= 7|5t 30|t

A Zbt =kT ol A& ¥g 1-1/28 5 2be 718 Bx ol v p(kT) = 1/2F
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o]tk

oJo]H EL 2L Fol S3hi F 59 F719 7 2 Mol
el =L So] TSl A fAE AL A2 sdr B HE A
A di 5% A E S0l 2 e 52 ALY BEolgn B o)
MR R, =0 ARl Fol bw Yrha A FHE AR &
o ATFHE e o] Tk AIZEro] A ] A HE AT %9 B At
U39 se O] Th. £ > to0 2] FRLON A, A1ZE 1 oA x 2 x+dx A ZF B
Apololl A £2] FF A5 set 00 dxo B2 Ak o A A9 =
A % 0] x9hxtdx A7 B9] Apolo] EAWE FEL s drolTh,

N ZErol A FAS 2 A H R 4 o] x 9} x+dx A2 9] Apolol] £
AT, o] &l n FS 1A TEL B4 (15.3)0] Gah e (1 —e )]
ek (S 0> 1 WA, oA Aol A 2 4 Sl
%2 749 88 ¢, 2 The 3} 2Tk

S

_\3

~+oo
Gn = / sefsxefrx(l _efrx)nfl dx.
0

A7\ A u=r/seta FAb 2pE AE 58 g = 1/(1+u) 2

1 u 2u (n—1)u
14+u 14+2u 14+ 3u 14+nu

an = (15.5)

254 (REn> 209 Tial).

AR, (1— e = (1- )2 (1 - e7'%) o] o}, b A

~+oo
qn =4n-1— S/ e )X (1 — g2 o1 g
0

Wt 3A v2A gt
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T4 (15.5) = FE T L (gn)n=1 l Zasta QS-S BojFE)h uet
An=12 JAFE 2Erh S, 729 2 e o233t
t}h. o] A& A 33 b o] E] ol A %Q% Aolth =3 gy /gu—1 — 10| B2
nol Fa 2 g ¢, 9 08 FT FaNe AFH oz =t} o]+
AR Hol g2 TS5 T3 o5 AW T 5 SUth o AEsHA &,
&2 logg, o] log(n) ol thall AP A o2 Fasitt= 2AS HoFdot

Sde o A T (z) = (" e dt 2 =43 Th no] 35K
WIT(n+1)=n!=nx(n—1)x---x2x10]3,[(z+1)=zI(z) °]
Wb (155 029 Fe S 2 Bk

(n—1)! D1+
u(l+He+ D+ )y " urr14+1)°

—|=

qn =

SR Wk A~ E Z AL k2 W log(n) ~nlogn—n— % logn+ constant
olt}y. mX7FA 2, logl'(n+ 1+ 1/u) ~ nlogn —n+ (% + %)logn+
constant o] t}. wWe}A logg, ~ —(1+ %) logn + constant ©] T},

A& o Zuplle] FE A Ak AT us SR 2
Ste S HlE g =1/(1+u) 27 42 5 3oy 21510 =1,
q1 =105/259°| B2 u~1.467 °|th. o] Al 0| 24 FE ¢, & 7€ F 3L
nEe 2HsE £ A 0, £ g, ol T £ £ 2598 F5Ho
T At (£ 15.2). €& sk dol 23 35 S FE0| AL
AR S L shA] f2 Rl DS YT o) A5 A dA
S7bu| A FEEThe AP A h?

ut A2l 4 3 E (Petty) ol 71] A9

< olFe BAA AT >ehe A2 FRATh
ot

3100% ol 49 & EaolE 59 5ol tal, & 17 e o) w7} A kel w8} 2A
ek ARG W E 15250 6 Fo A%E A4n.
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3 15.2: E=vhl (2594 1,580F 257) ol th ek vl o] Bl 2k o] 29 4] W] 3L

£%54 BBRES AR S5
1 105 105.0

2 44 39.2

3 23 21.3

4 14 13.6

5 12 9.6

6 7 7.2

7 6 5.6

8 4 4.5

9 5 3.7

10 5 3.1
11-20 17 16.6
21-30 9 6.9
31-40 3 3.9
41-50 2 2.6
51-60 0 1.9
61-70 1 1.4
71-80 0 1.1
81-90 0 0.9
91-100 0 0.7
101- 2 10.1
SHA| 259 259

ool g9 RIS AT YR (5 A% ) E B4
AT 291537 §A18 o] U e EA AE A 4 A 2e o
E

ol¥) B 2o § & delA ek 2euh B84 (15.0-05.2) 914 3o
48 7o) 48

L A3} 2ol ul 23T 2] k=) o] FAL nA A &

: A Al AN 22 (AGE AA R
O|Z 7| 7}A] Q1 F&lo| A W2 ndlo] 7B LA @ Aot} o] & ‘e
&

H 3
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